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Inverse problem for the retarded field of an
arbitrary moving charge
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Abstract
It is assumed that the Lienard-Wiechert fields of an arbitrary moving charge is
measured or predefined as a function of time. The position of the charge is calculated
as a function of the retarded time.
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1 Introduction.
The electric and magnetic fields of a point-like charge e moving along the
trajectory described by radius vector r′(t′) is given by the Lienard-Wiechert
formula [1,2]
E(t) =
e(n− β)(1− β2)
R2(1− β · n)3 +
e
Rc2
n× [(n− β)× a]
(1− β · n)3 , (1)
H(t) =n×E(t), (2)
where n = R/R, R = R(t′) = r − r′(t′), t′ is the retarded time
t = t′ +
|R(t′)|
c
, (3)
β = dr′/cdt′ is the charge velocity in units of speed of light c, a = d2r′/dt′2
is the charge acceleration and r is the observer position.
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We state the inverse problem as follows. The fields E(t) and H(t) are the
known functions of time. It is required to calculate the position r′(t′) of the
charge.
A particular case of this problem is the inverse problem of radiation. In this
case only the last term of expression (1) is taken into account. The inverse
problem of radiation is of great practical significance. There are two most
actual aspects of the problem: i) calculation of the charge trajectory from
its radiation, ii) construction of a radiation source with preassigned spectral
and polarization properties. This problem has become the topic of a large
body of research. There were for instance suggested some ways to construct
sources with given spectral properties of radiation, based on an undulator
[3,4,5,6]. An alternative approach concerning radiation in a ”short magnet”
was demonstrated by authors of Refs. [7,8]. The general solution of the problem
is presented in Refs. [9,10] (see also [11]).
In present paper we suggest the solution of the inverse problem taking into
account both terms of Eq. (1) – the generalized Coulomb field and the field
of radiation. The fields E(t) and H(t) are the functions of R(t′) and its
derivatives R˙(t′) and R¨(t′). Thus, it might appear at first glance that the so-
lution of the inverse problem is the solution of differential equations. The task
becomes more complicated because of nonlinearity of equations and implicit
dependence of the fields on the retarded time t′.
On the other hand we have to define only one unknown vector R, knowing
two vector functions E(t) and H(t). This makes possible to escape solving
the differential equations and to do only with algebraic transformations. Alone
the case H(t) = 0 and E(t) = kE(t), (k = const) requires integration.
2 General solution.
Instead of Eq. (1) we use the Feynman’s formula for E(t) [12] (another form
of it is given in [13]).
E(t) = e
[
n
R2
+
R
c
∂
∂t
(
n
R2
)
+
1
c2
∂2n
∂t2
]
, (4)
It follows from Eq. (2) that the vector n lies in the plane orthogonal toH(t).
The known values of E and H allow us to find the angle between the vectors
n and E. Indeed, Eq. (2) gives
E · n = ±
√
E2 −H2, (5)
2
The sign in the last equation depends on the sign of the charge. This is seen
from comparison of Eq. (5) and a scalar product derived from Eq. (1):
(nE) =
e
R2
1− β2
(1− β · n)2 . (6)
Thus, the sign in Eq. (5) is the same as the sign of the charge. Taking the
vector product of Eq. (2) by E we get
n =
E ×H + e|e|E
√
E2 −H2
E2
. (7)
The last equation gives n as a function of time t with an implicit dependence
on the retarded time t′ according to Eq. (3). But up to now we do not know
the relation between t and t′.
Let us take the derivative ∂/∂t in Eq. (4). This gives
E = e
[
n
R2
+
R
c
n
∂
∂t
1
R2
+
1
Rc
∂n
∂t
+
1
c2
∂2n
∂2t
]
. (8)
Substituting this in Eq. (2) we obtain
H =
e
cR
n× n˙+ e
c2
n× n¨. (9)
Points denote the derivatives with respect to time t, n is a known function
given by the Eq. (7). Multiplying the last equation by H we find
H2 =
e
cR
H · (n× n˙) + e
c2
H · (n× n¨). (10)
This gives the length of the radius vector R
R =
ecH · (n× n˙)
c2H2 − eH · (n× n¨) (11)
at the retarded time t′. But the right-hand side of Eq. (11) is given as the
function of t. Substituting R into Eq. (3) we find the retarded time t′
t′ = t− R
c
.
3
Multiplying Eq. (11) by vector n we obtain finally
R = n
ec(H ·N)
c2H2 − e(H · N˙) , (12)
where N = n× n˙ with n given by Eq. (7).
This is the general solution of the problem in case of H(t) 6= 0.
3 Singularities.
Let us consider the case H(t) = 0. We can rewrite Eq. (9) as follows
n× (n˙+ R
c
n¨) = 0. (13)
We assume first that n¨ 6= 0, hence n˙ 6= 0. Then Eq. (13) means that all
of the three vectors n, n˙ and n¨ lie in the some plane. Vectors n and n˙ are
perpendicular to each other because of identity n·n = 1, which gives n˙·n = 0.
Taking the vector product of n˙ and Eq. (13) we obtain
R(n˙ · n¨) + cn˙2 = 0. (14)
Hence
R = − cn˙
2
(n˙ · n¨) .
Multiplying by n from Eq. (7) we find 1
R = − e|e|
cn˙2
n˙ · n¨
E
E
. (15)
And finally we consider the case n˙ = 0, n¨ = 0, i.e. n = (eE)/(|e|E) = const.
This means that the point charge is moving along a straight line through the
point where the field is measured. Direction of the line is given by vector E.
Position of the charge on the line is defined by the scalar function R(t) which
can be derived from Eq. (8). Multiplying it by n we find
1 It is seen from Eq. (6) that E 6= 0.
4
E(t) = |e|
(
1
R2
+
R
c
d
dt
1
R2
)
.
Change of the variable R = 1/x gives the well known Riccati equation [14]
x˙+
c
2
x2 =
c
2|e|E(t). (16)
As an example we calculate position of a charge which produces a constant
electric fieldE0 at some given point. Eq. (16) has three solutions for E(t) = E0:
R1 =
eE0
|eE0|3/2
R2 =R1 coth ξt, t
′ = t− R1
c
coth ξt, (17)
R3 =R1 tanh ξt, t
′ = t− R1
c
tanh ξt,
where ξ = c
2
√
E0/|e|. The first solution is consistent with what is expected
– it follows from Coulomb’s law for a point-like charge at rest. The others
are in some sense unexpected. The second one shows that a constant field
can be produced by a charge moving from infinity to an observer with a
velocity close to the speed of light in infinity and slowing down to zero while
the charge approaches the point a distance R1 from the observer. The third
solution represents a charged particle moving from the observer to the point
with coordinates R1 slowing down from speed of light to zero. Note that the
obtained solutions remain valid for a finite period of time. As long as the
charged particle moves according to law (17) it produces a constant electric
field at the given point.
Thus, the solution of the inverse problem is given by Eqs. (7) and (12) in case
H 6= 0 and Eqs. (7) and (15) when H = 0, n¨ 6= 0, n˙ 6= 0. If H = 0, n¨ = 0,
n˙ = 0 then the solution is represented by Eq. (7) and solution of Eq. (16). We
see that the same field can be produced by a negative or positive charge. But
the trajectory of the positive charge differs from that of the negative one.
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